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Invariants reveal multiple forms of robustness in
bifunctional enzyme systems†

Joseph P. Dexter,‡abc Tathagata Dasgupta‡c and Jeremy Gunawardena*c

Experimental and theoretical studies have suggested that bifunctional enzymes catalyzing opposing

modification and demodification reactions can confer steady-state concentration robustness to their

substrates. However, the types of robustness and the biochemical basis for them have remained elusive.

Here we report a systematic study of the most general biochemical reaction network for a bifunctional

enzyme acting on a substrate with one modification site, along with eleven sub-networks with more

specialized biochemical assumptions. We exploit ideas from computational algebraic geometry,

introduced in previous work, to find a polynomial expression (an invariant) between the steady state

concentrations of the modified and unmodified substrate for each network. We use these invariants to

identify five classes of robust behavior: robust upper bounds on concentration, robust two-sided bounds

on concentration ratio, hybrid robustness, absolute concentration robustness (ACR), and robust

concentration ratio. This analysis demonstrates that robustness can take a variety of forms and that the

type of robustness is sensitive to many biochemical details, with small changes in biochemistry leading to

very different steady-state behaviors. In particular, we find that the widely-studied ACR requires highly

specialized assumptions in addition to bifunctionality. An unexpected result is that the robust bounds

derived from invariants are strictly tighter than those derived by ad hoc manipulation of the underlying

differential equations, confirming the value of invariants as a tool to gain insight into biochemical reaction

networks. Furthermore, invariants yield multiple experimentally testable predictions and illuminate new

strategies for inferring enzymatic mechanisms from steady-state measurements.

Insight, innovation, integration
Bifunctional enzymes are known experimentally to maintain robust control of metabolic branch points, osmoregulatory systems, and other important cellular
networks, but how this is accomplished by their underlying biochemical reaction networks has remained unclear. We performed a mathematical analysis of a
compendium of networks to understand the connection between bifunctionality and robustness at a general level. Our central insight is that concentration
robustness is a heterogeneous phenomenon and that subtle changes in the mechanism of a bifunctional enzyme can alter systems-level robustness. Our
analysis uses techniques from computational algebraic geometry to reveal underlying polynomial ‘‘invariants’’ that characterize the different forms of
robustness. The integration of algebraic calculations and enzymological data suggests that steady-state measurements can provide mechanistic insight into
diverse biochemical systems.

1 Introduction

Cellular systems have a remarkable capacity to function correctly
even as internal and external conditions change.1 Understanding

the mechanistic basis for this robustness has emerged as a major
topic of interest in systems biology.1–4 Such efforts have been
hampered by the difficulty of developing precise, quantitative
definitions of the various forms of biological robustness, and the
lack of shared molecular or biochemical features between robust
systems.

The study of enzymatic bifunctionality, however, has led to
considerable progress in understanding a particular kind of
robustness. Bifunctional enzymes can be divided into two broad
categories, those that catalyze consecutive steps in a metabolic
pathway and those that play a more regulatory role by catalyzing
opposing modification and demodification of a single substrate.
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Little is currently known about the systems-level advantages
conferred by the first group of bifunctional enzymes, and there
is considerable need for further experimental and theoretical work
on such enzymes. Regulatory bifunctional enzymes, in contrast,
have been the subject of extensive study from a systems-level
perspective and have led to new insights about robust biological
control.

Experiments in bacteria and plants have revealed concentration
robustness in several systems with bifunctional enzymes.5–8 A key
output of the system, usually the concentration of the substrate in a
particular state of modification, was found to remain approximately
constant despite changes in the expression levels of system
components, including the substrate itself. In many cases, such
robustness was maintained even in the face of 10-fold or greater
changes in expression of system components. From considera-
tion of these experiments, LaPorte and Koshland, working with
the isocitrate dehydrogenase regulatory system, and Russo and
Silhavy, working with the EnvZ/OmpR osmosensor, both in
Escherichia coli, made early attempts to develop a mechanistic,
quantitative understanding of the concentration robustness
conferred by bifunctional enzymes.6,9 Their work has been
extended by a number of detailed theoretical studies of bifunctional
enzyme systems.7,10–18 In each of these studies, a specific
biochemical reaction network was proposed to describe the
system of interest, and mathematical calculations or numerical
simulations were used to explain how concentration robustness
might emerge from the reaction network. Other forms of
‘‘robustness,’’ such as sensitivity to fluctuations in parameter
values, have been considered in different contexts.3,19–21

Regulatory bifunctional enzymes can be subdivided into
four classes according to the active site configuration of the
bifunctional enzyme and the quaternary structure of the substrate
(Fig. 1). Bifunctional enzymes can either have separate, non-
interacting active sites for each catalytic activity (e.g., a kinase
domain and a distinct phosphatase domain) or a shared active
site that can catalyze both activities.16,17,22 Furthermore, a
bifunctional enzyme can modify either a monomeric or multi-
meric substrate.

Multimeric substrates give rise to multi-site and avidity effects
that require special attention. For instance, Hart et al. developed
models of the nitrogen assimilation system in E. coli and the carbon
fixation pathway in C4 plants.13,14 In both systems, they showed that
mathematical robustness arises because the bifunctional enzymes
have separate active sites and can therefore form ternary complexes
with two units of the respective substrates. Similar analyses have
been performed of the bifunctional uridylyltransferase/uridylyl-
removing enzyme (UTase/UR),18,23 also involved in nitrogen
assimilation, for which there is now extensive experimental evidence
of robustness.24,25 In contrast, the isocitrate dehydrogenase (IDH)
regulatory system in E. coli contains a bifunctional enzyme with a
shared active site that acts on a dimeric substrate. In recent work we
showed that, although the corresponding biochemical network does
not exhibit mathematical robustness, there is a realistic parameter
regime in which robustness is expected.16

Our focus in this paper is on monomeric substrates modified by
bifunctional enzymes that have either separate or shared active sites.

Several such systems have been studied mathematically,7,10–12

of which the EnvZ/OmpR two-component osmosensor is the
paradigmatic example.7,10 There is strong experimental evidence
for robustness both in EnvZ/OmpR and in other two-component
systems such as PhoR/PhoB, which senses phosphorous levels.7,26,27

No systematic characterization of robustness, however, has been
undertaken for these systems.28 To address this limitation, we
developed and analyzed an extensive compendium of reaction
networks involving a bifunctional enzyme (with either shared or
separate active sites) acting on a monomeric substrate.

Our analysis identified five types of robust behavior: ‘‘robust
upper bounds on concentration,’’ in which the concentration of
the modified or unmodified substrate form is held below a
bound set only by the parameter values (i.e., the bound is
independent of the total amount of substrate and enzyme);
‘‘robust two-sided bounds on the concentration ratio,’’ in
which the substrate concentration ratio is held between an
upper bound and a lower bound determined only by the
parameters; ‘‘hybrid robustness,’’ in which the same network
exhibits a robust upper bound in concentration for certain
parameter values and robust two-sided bounds on concentration
ratio for other parameter values; ‘‘absolute concentration robust-
ness’’ (ACR), in which the concentration of a substrate form is fixed
at a single value set by the parameters;12 and ‘‘robust concentration
ratio,’’ in which the substrate concentration ratio depends only on
the parameters. The five behaviors are all variants of concentration

Fig. 1 Classification of bifunctional enzyme systems by biochemical
features. Bifunctional enzymes that catalyze opposing post-translational
modifications can be sub-divided into four classes according to the active
site configuration on the enzyme and the quaternary structure of the
substrate. Known examples and a cartoon diagram are provided in each
quadrant of the diagram for the appropriate system. References indicate
experimental (orange), theoretical (green), or combined experimental and
theoretical profiling of robustness (gray). This paper focuses on the robust
behavior of systems in the two top quadrants (i.e., monomeric substrates
regulated by a bifunctional enzyme).
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robustness—some quantity involving the concentrations of the
different species in the networks is held constant at steady state.
We find that the type of concentration robustness is highly
dependent on subtle but significant differences in biochemical
mechanism. For instance, whether an enzyme–substrate ternary
complex can form, and whether the reactions involving the
ternary complex are symmetric or asymmetric, has a major
impact on the robustness observed. Of particular interest, we
demonstrate that ACR, which has dominated recent thinking
about enzymatic bifunctionality, requires restrictive biochemical
assumptions, and that more complex forms of robustness arise
even with minimal assumptions beyond bifunctionality. Our
results delineate the complexity of biochemical concentration
robustness and suggest experiments that might distinguish one
form of robustness from another.

The reaction networks that we study here all involve the
interconversion of unmodified (S) and modified (SP) substrate
by a bifunctional regulatory enzyme (E). Assuming mass-action
kinetics at steady state yields systems of non-linear polynomial
equations in the concentrations of the free enzyme and substrate
forms and various enzyme–substrate complexes. Our results are
based on mathematical analysis of these equations with the para-
meters treated symbolically, thereby avoiding numerical simulations
that require advance knowledge of parameter values. We use
techniques from computational algebraic geometry, which we intro-
duced in previous work, to systematically eliminate variables and to
derive polynomial ‘‘invariants’’ involving only [S] and [SP]. (Through-
out the paper, the notation [X] signifies the concentration of X.)
These invariants provide the essential insights into robust behavior.
Interestingly, we find that invariants yield more accurate bounds
than ad hoc manipulation of the underlying differential equations.

2 Methods
2.1 Reaction network assumptions

Our networks apply to the modification and demodification of
any small molecule or protein in which the modification is by
attachment of a small-molecule moiety (phosphate, methyl,
acetyl, etc.).29 Polypeptide modifications, such as ubiquitination
and SUMOylation, involve more complicated biochemistry and are
not modeled by our networks. As is standard, the modification
donor (such as ATP in the case of phosphorylation) is assumed to
be kept at constant concentration by background cellular processes
and is therefore ignored as a dynamical variable. Each catalytic
domain of the bifunctional enzyme is assumed to follow a standard
Michaelis–Menten reaction scheme, which takes the form

E + S " ES - E + SP (1)

for the forward modification, with reversible formation of an
enzyme–substrate complex (ES) and irreversible formation of
product. The limitations of these assumptions are reviewed
further in the Discussion.

The most general reaction network (network 0) is shown as
biochemical reactions in Fig. 2A and as a directed graph on the
corresponding ‘‘complexes’’ (in the sense of chemical reaction

network theory15) in Fig. 2B. The complexes are enumerated
in Fig. 2C. Subsequent networks in Fig. 4 and 5 are shown as
sub-graphs of the graph in Fig. 2B with the missing vertices and
edges faded. In the text, the rate constants for mass-action
kinetics are given in the notation ki-j for the reaction corres-
ponding to the edge i - j in the graph on the complexes. The
two catalytic activities are not assumed to be independent of
each other, so that, for instance, k2-3 a k6-7.

2.2 Algebraic calculations

All conclusions in the paper are based on algebraic analysis of
the various chemical reaction networks at steady-state, assuming
mass-action kinetics. We make no use of the Michaelis–Menten
rate formula or any other form of approximation. Algebraic
calculations were either done manually or using Mathematica
9.0 (Wolfram). An accompanying Mathematica notebook con-
taining many of the calculations is provided as ESI.† Different
numbering and notation had to be used in the notebook because
of Mathematica conventions. The differences are described in
tables in the notebook for each network considered in the paper,
and these tables should be consulted when comparing expres-
sions between the paper and the notebook. Gröbner basis
calculations undertaken in Mathematica were performed as
described previously by Manrai and Gunawardena.30

3 Results
3.1 Analysis of network 0

3.1.1 Ad hoc derivation. We begin with consideration of the
full network (network 0), which includes all possible reactions
involving the bifunctional enzyme and the two substrate forms
(Fig. 2). In the full network, the order of formation of the
ternary complex is random, and E can act as either a modifying
or demodifying enzyme when bound in any complex. As such,
network 0 is the most general model possible of a bifunctional
enzyme acting on a monomeric substrate and is completely
symmetric. We find that either [S] or [SP] may be robustly
bounded depending on the relative values of the catalytic rate
constants for the ternary complex ESPS.

Fig. 2 Full reaction network for a bifunctional enzyme with separate
active sites acting on a monomeric substrate. (A) Biochemical reaction
network. (B) Directed graph describing the reaction network in A, in which
the nodes correspond to the ‘‘complexes’’,15 as listed to the right. We used
the notation ki-j for the rate constant for the reaction corresponding to
the edge i - j in the graph. (C) List of complexes in the reaction network.
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At steady state, the rate of formation of SP from S must be
balanced by the rate of formation of S from SP, which leads to
the following relationship between the three complexes in the
network:

k2-3[ES] + k6-7[ESPS] = k4-1[ESP] + k6-8[ESPS]. (2)

Solving for the ternary complex in this expression yields

ESPS½ � ¼ k4!1 ESP½ � � k2!3½ES�
k6!7 � k6!8

: (3)

Here we ignore the possibility that k6-7 = k6-8, since such fine-
tuning of rate constants is unlikely to occur naturally. Production
and consumption of the ternary complex must also balance at
steady state, leading to the following expression:

ESPS½ � ¼ k5!6½S� ESP½ � þ k9!6 SP½ �½ES�
k6!5 þ k6!9 þ k6!7 þ k6!8

: (4)

Subtracting eqn (3) from eqn (4) eliminates the ternary complex
and gives

A[ESP] + B[ES] = 0, (5)

where the coefficients A and B are

A ¼ k5!6

k6!5 þ k6!9 þ k6!7 þ k6!8
½S� � k4!1

k6!7 � k6!8
(6)

and

B ¼ k9!6

k6!5 þ k6!9 þ k6!7 þ k6!8
SP½ � þ

k2!3

k6!7 � k6!8
: (7)

There are two possibilities for the relative rates of modification
and demodification in the ternary complex. Either the modification
rate is greater and k6-8 o k6-7, or the demodification rate is
greater and k6-7 o k6-8. If the modification rate is greater, B 4 0,
so to satisfy eqn (5) we must have A o 0. This implies the following
bound on [S]:

½S�o k4!1 k6!5 þ k6!9 þ k6!7 þ k6!8ð Þ
k5!6 k6!7 � k6!8ð Þ : (8)

When k6-7 o k6-8, by an analogous argument we have the
following bound on [SP]:

SP½ �o
k2!3 k6!5 þ k6!9 þ k6!7 þ k6!8ð Þ

k9!6 k6!8 � k6!7ð Þ : (9)

Thus, when the modification rate exceeds the demodification
rate, [S] is robustly held below a threshold that is determined
only by the rate constants, whereas [SP] is bounded when the
demodification rate is greater.

3.1.2 Improved upper bounds using invariants. The ad hoc
argument above is straightforward and follows directly from
the underlying differential equations. We turn now to an
alternative method that is less direct but reveals that the upper
bounds in eqn (8) and (9) are not optimal.

The method of Gröbner bases for polynomial systems, which
can be thought of as a generalization of Gaussian elimination
for linear systems, can be used to obtain the simplest possible
algebraic expression between specified variables that holds at
steady state. We have previously used Gröbner bases to study

multisite protein phosphorylation and robustness in E. coli
isocitrate dehydrogenase regulation,16,30 and readers interested
in the mathematical details of the approach should consult the
paper by Manrai and Gunawardena. From a Gröbner basis
calculation on the polynomial system describing network 0
(the details of which are provided in the accompanying Mathematica
notebook), it is possible to obtain the following polynomial
expression in the steady-state concentrations of S and SP:

(a1[S]2[SP] + a2[S][SP]2 + a3[S]2 + a4[SP]2 + a5[S][SP]

+ a6[S] + a7[SP])[E] = 0, (10)

where a1,. . .,a7 are algebraic combinations of the rate constants
given in the Mathematica notebook. At this point, we restrict
attention to those steady states in which each species has a
positive steady-state concentration, which we call positive steady
states. Since then [E] a 0, we can divide by [E] in the expression
above to obtain a polynomial in just the two substrate forms:

a1[S]2[SP] + a2[S][SP]2 + a3[S]2 + a4[SP]2 + a5[S][SP]

+ a6[S] + a7[SP] = 0. (11)

Eqn (11) is an example of what we have called in previous work
an ‘‘invariant’’—a polynomial expression on selected variables
that holds in any positive steady state.30 This cubic invariant
can be used to obtain robust upper bounds on [S] or [SP] by the
following argument.

The invariant defines an algebraic curve, which is a locus of
points in the ([S],[SP]) plane that satisfy the invariant. An initial way to
get a sense of the shape of such a curve is to consider its asymptotes
(the tangent lines at infinity), which are given by the highest-degree
terms in the polynomial. For eqn (11) the highest-degree terms are

a1[S]2[SP] + a2[S][SP]2 = 0, (12)

which can be factored into the following linear factors:

[S][SP](a1[S] + a2[SP]). (13)

These factors determine the slopes of the possible asymptotes:
there can be a vertical asymptote ([S] = c1), a horizontal
asymptote ([SP] = c2), or a diagonal asymptote (a1[S] + a2[SP] = c3).
Lower-order terms in the invariant must be taken into account to
characterize the asymptotes fully. This quick calculation, however,
is helpful to provide a sense of the possibilities. As we will see, the
vertical asymptote sets the robust upper bound for [S], while the
horizontal asymptote sets the bound for [SP]. The existence of
horizontal or vertical asymptotes for the invariant is therefore an
indication of robust upper bounds. (The diagonal asymptote may
be indicative of a robust ratio, which is not relevant for this network
but becomes so for others.)

We now rigorously show the existence of robust upper
bounds using a classical technique to study a curve by examina-
tion of its intersections with horizontal and vertical lines. If we
take [S] to be constant, which corresponds to the intersection of
the curve with a vertical line in the ([S],[SP]) plane, then the
invariant in eqn (11) reduces to a quadratic equation in [SP]:

A[SP]2 + B[SP] + C = 0, (14)
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where A = a2[S] + a4, B = a1[S]2 + a5[S] + a7, and C = a3[S]2 + a6[S].
The solutions of a quadratic equation are given by its discriminant,
but it is easier to consider the normalized constant term C/A. If this
term is negative, the quadratic equation must have one positive
and one negative solution. Inspection of the expressions for
a1,. . .,a7 in the supplementary Mathematica notebook shows
that a3,a6 4 0, a4,a7 o 0, a5 is indeterminate in sign, and the
sign of both a1 and a2 is the same as that of k6-7 � k6-8. Hence,
if k6-7 � k6-8 4 0, we have a1,a2,a3,a6 4 0 and a4,a7 o 0. For
any positive steady state (for which [S],[SP] 4 0), we have that
C/A o 0 if, and only if, 0 o [S] o �a4/a2. In this case, eqn (14)
has only one positive solution for [SP].

To confirm that this expression sets an upper bound for [S] it
is necessary to show that no part of the curve in the positive
quadrant has [S] 4 �a4/a2. In this region, the normalized
constant term C/A is positive and eqn (14) can have two positive
solutions, two negative solutions, or two complex-conjugate
solutions. We need to rule out the two positive solutions. We
consider the intersection of the curve with a horizontal line, so
that [SP] is taken to be constant. This procedure yields a
quadratic equation in [S]:

A0[S]2 + B0[S] + C0 = 0, (15)

in which A0 = a1[SP] + a3, B0 = a2[SP]2 + a5[SP] + a6, and C0 =
a4[SP]2 + a7[SP]. Assuming again that k6-8 o k6-7, the normalized
constant term C0/A0 is negative for all [SP] 4 0. It follows that a
horizontal line intersects the curve in at most one point in the
positive quadrant. Since we already know that there is such a point
with 0 o [S] o �a4/a2, there cannot also be another point with
[S] 4 �a4/a2. Hence, the curve in the positive quadrant is
restricted to 0 o [S] o �a4/a2, which sets an upper bound for
[S]. Expanding the expressions for a4 and a2 given in the
Mathematica notebook, we find that

½S�o � a4

a2
¼ k4!1 k6!5 þ k6!7ð Þ

k5!6 k6!7 � k6!8ð Þ: (16)

This upper bound is strictly tighter than eqn (8). In particular,
the numerator of the bound in eqn (16) does not contain the
term k6-9 + k6-8, which appears in the numerator of the bound
obtained from ad hoc calculations. We return to this surprising
discrepancy in the Discussion.

Fig. 3 shows a plot of the invariant in the ([S],[SP]) plane with
all parameters set to 1 except k6-7, which is set to 2 to ensure
that k6-8 o k6-7. The resulting curve has three disjoint lobes
(blue curves). The branch that lies in the positive quadrant is
confined to the left of the line [S] = �a4/a2 (red line). The upper
bound in eqn (8) is shown as the green line, revealing the
striking discrepancy between the two bounds. The bound
obtained from the invariant describes a vertical asymptote to
the curve and is thus the best possible upper bound on [S].

An analogous argument under the assumption that k6-7 o
k6-8 reveals a horizontal asymptote that gives the optimal
upper bound for [SP]:

SP½ �o �
a3

a1
¼ k2!3 k6!8 þ k6!9ð Þ

k9!6 k6!8 � k6!7ð Þ: (17)

As before, this bound is strictly tighter than eqn (9). We see
from this analysis that network 0 exhibits different behavior
depending on the choice of certain parameter values.

3.2 Other sub-networks with robust upper bounds (networks
i, ii, iv, and viii)

Fig. 4 shows eight related sub-networks that can be constructed
by eliminating one or more reactions involving the ternary
complex from the full network. Each of these networks contains
all possible reactions involving binary enzyme–substrate complexes
(nodes 1–4), but makes assumptions about ternary complex for-
mation and catalytic activity. There are eight networks that meet
these requirements because there are three possible binding orders
for the ternary complex (random, ordered with S then SP binding
to E, ordered with SP then S binding) and three possible catalytic
activities (modification and demodification, modification only,
demodification only). One combination (random binding,
modification and demodification activity) is the full network.

The eight networks can be divided into symmetric pairs by
reflection through the ternary complex (node 6). As such, networks i
and ii, iii and vi, iv and viii, and v and vii in Fig. 4 are related by
interchange of the roles of S and SP. The algebraic analysis of one
member of each pair can be applied readily to the other member. It
is thus sufficient to explain the analysis of networks i, iii, iv, and v
in detail. The results for all networks are summarized in Table 1.

Network i (and the symmetric network ii) have random-order
binding to the ternary complex. These are the only two net-
works aside from the full network that yield cubic invariants.
The remaining networks in Fig. 4 all have quadratic invariants.
The details of the invariants are provided in the accompanying
Mathematica notebook.

Fig. 3 Asymptotic behavior of the cubic invariant. The cubic invariant
describes a curve with three distinct lobes. Only portions of the second
lobe correspond to positive [S] and [SP], and the vertical asymptote in the
first quadrant corresponds to the robust upper bound on [S]. The vertical red
line indicates the bound calculated from the invariant in eqn (16), and the
vertical green line indicates the looser bound calculated in eqn (8) by using
the ad hoc procedure. To generate the plot, all parameters except k6-7

were set to 1; k6-7 was set to 2 to ensure that [S] rather than [SP] is bounded.
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The cubic invariant for network i has a similar structure to
that of eqn (11) (the invariant for network 0), but the pattern of
signs is simpler. Using the same notation for the coefficients as
in eqn (11), we see from inspection of the notebook that
a1,a2,a3,a6 4 0, a4,a7 o 0, and a5 is indeterminate. It follows
by a similar analysis that [S] is robustly bounded above by �a4/a2:

½S�o � a4

a2
¼ k4!1 k6!5 þ k6!7ð Þ

k5!6k6!7
: (18)

This bound, however, holds for all parameter values. In contrast,
network ii has a robust upper bound on [SP], which also holds
irrespective of the values of the parameters.

Networks iii, iv, and v all have quadratic invariants, whose
analysis is simpler than for the cubic invariants from networks
0, i, and ii. We turn first to network iv, which shows behavior
similar to that of network i but for different reasons. Inspection
of the quadratic invariant for network iv indicates that the
highest-degree term is [S][SP], suggesting the possible existence
of a vertical or horizontal asymptote associated with robust
upper bounds. The invariant can be rewritten in the form

SP½ � ¼
a8½S�

a9 þ a10½S�
; (19)

where a8,a9 4 0 and a10 o 0. The denominator of this
expression becomes infinite when [S] = �a9/a10 4 0, revealing
a vertical asymptote for positive values of [S]. For both [S] and
[SP] to be positive, [S] must be confined to the left of that
asymptote, so that 0 o [S] o �a9/a10. As such, [S] is robustly
bounded above:

½S�o k4!1 k6!5 þ k6!7ð Þ
k5!6k6!7

: (20)

The remaining networks iii and v exhibit different behaviors,
which are studied in the next two sections.

3.3 Robust two-sided bounds on the concentration ratio
(networks v and vii)

Network v has a quadratic invariant, whose highest-degree
terms are [S]2 and [S][SP]. This suggests the possible existence
of a vertical asymptote and a diagonal asymptote, the former
of which may have an accompanying robust upper bound.
A vertical asymptote does exist, but in this case it does not
imply an upper bound. Rearrangement of the quadratic invariant
yields the following expression:

SP½ �
½S� ¼

a11 þ a12½S�
a13 þ a14½S�

; (21)

where a11,a12,a13, and a14, which are given in the supplemental
notebook, are all positive. The denominator of the expression on
the right of eqn (21) becomes infinite at [S] = �a13/a14 o 0,
revealing a vertical asymptote. This asymptote plays no physio-
logical role, however, because it occurs at a negative value of [S].

The expression on the right of eqn (21) is defined and
positive for all non-negative value of [S]. It has the value a11/
a13 when [S] = 0 and tends to the value a12/a14 as [S] gets large.
From calculation of the derivative, it is clear that the expression
decreases monotonically as [S] increases if a12/a14 o a11/a13,
whereas the expression increases monotonically if a11/a13 o
a12/a14. In either case, the concentration ratio [SP]/[S] is trapped
between two-sided robust upper bounds. Expanding the expres-
sions for a11,a12,a13, and a14 we find that, if

k4-1(k2-1 + k2-3) o k2-1(k4-1 + k4-3), (22)

then

a11

a13
¼ k1!2k2!3

k2!1k3!4
o

SP½ �
½S� o

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ ¼

a12

a14
: (23)

Similarly, if

k2-1(k4-1 + k4-3) o k4-1(k2-1 + k2-3), (24)

then

a11

a13
¼ k1!2k2!3

k2!1k3!4
4

SP½ �
½S� 4

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ ¼

a12

a14
: (25)

These results suggest that certain biochemical combinations are
unsuitable for implementing a robust upper bound on one of the
substrate forms. In particular, robust upper bounds are lost when
the only substrate form produced from the ternary complex is
required to bind second in the formation of the ternary complex
(e.g., in network v only SP is produced from the ternary complex, but
the binding order is S then SP). Interestingly, we find that such
conditions do lead to bounds on the concentration ratio of the
substrate modification forms, a type of robustness that has not
been noted previously. As such, this asymmetry appears to have
important consequences for robustness.

3.4 Hybrid robustness (networks iii and vi)

We turn now to network iii. Inspection of its invariant shows
that it resembles that for network v, analyzed in the previous
section. It has the same terms, and the invariant can be
reorganized into the same form as eqn (21). There is, however,

Fig. 4 Sub-networks of the full network. Reaction networks are shown
for the eight sub-networks of the full network that can be obtained by
eliminating one or two reactions involving the ternary complex. Excluded
reactions are shown in light gray; the actual reactions in the sub-network
are black. Nodes are labeled as in Fig. 2.
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one significant difference. We have a11,a12,a13 4 0, but a14 is of
indeterminate sign. We must therefore distinguish two possi-
bilities. If a14 o 0, there is a vertical asymptote at a positive
value of [S] and hence a robust upper bound with 0 o [S] o
�a13/a14. In this parameter region, network iii behaves like
network iv. If a14 4 0, however, the vertical asymptote occurs at
a negative, unphysiological value of [S]. Network iii then

behaves like network v and exhibits robust two-sided bounds
on the concentration ratio. (We ignore the case a14 = 0, again on
the grounds that such fine tuning is unlikely to occur.) Network
iii and (by symmetry) network vi therefore exhibit hybrid
robustness, with different robust behaviors in different regions
of the parameter space. The precise details of the parameter
regions and the bounds are given in Table 1.

Table 1 Summary of robust behavior in the networks. Table 1 gives the robust upper bound, robust two-sided bound on concentration ratio, ACR
constant, or robust concentration ratio for networks 0 through xi (numbered as in Fig. 2, 4 and 5), along with the corresponding parameter conditions
that must be satisfied. The degree of the underlying invariant for each network is also listed. Only the tighter bound is listed for networks for which the
ad hoc derivation and the invariant yield different results. As indicated in the Methods, the numbering and notation for parameters differs between
the paper and the accompanying Mathematica notebook. The tables in the notebook should be consulted to ensure correct translation between the
notebook and the paper

Net. Robustness Conditions Invariant

0 ½S�o k4!1 k6!5 þ k6!7ð Þ
k5!6 k6!7 � k6!8ð Þ

k6-8 o k6-7 Cubic

0
SP½ �o

k2!3 k6!8 þ k6!9ð Þ
k9!6 k6!8 � k6!7ð Þ

k6-7 o k6-8 Cubic

i ½S�o k4!1 k6!5 þ k6!7ð Þ
k5!6k6!7

None Cubic

ii
SP½ �o

k2!3 k6!8 þ k6!9ð Þ
k6!8k9!6

None Cubic

iii ½S�o k4!1 k2!1 þ k2!3ð Þ k6!5 þ k6!7 þ k6!8ð Þ
k5!6 k6!7 k2!1 þ k2!3ð Þ � k2!1k6!8ð Þ

k2-1k6-8 o k6-7(k2-1 + k2-3) Quadratic

iii k1!2k2!3k6!8

k3!4 k2!1k6!8 � k6!7 k2!1 þ k2!3ð Þð Þo
SP½ �
½S� o

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

k6-7(k2-1 + k2-3) o k2-1k6-8 and k4-1k6-8(k2-1 + k2-3)
o (k4-1 + k4-3)(k2-1k6-8 � k6-7(k2-1 + k2-3))

Quadratic

iii k1!2k2!3k6!8

k3!4 k2!1k6!8 � k6!7 k2!1 þ k2!3ð Þð Þ4
SP½ �
½S� 4

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

k6-7(k2-1 + k2-3) o k2-1k6-8 and (k4-1 + k4-3)(k2-1

k6-8 � k6-7(k2-1 + k2-3)) o k4-1k6-8(k2-1 + k2-3)
Quadratic

iv ½S�o k4!1 k6!5 þ k6!7ð Þ
k5!6k6!7

None Quadratic

v k1!2k2!3

k2!1k3!4
o

SP½ �
½S� o

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

k4-1(k2-1 + k2-3) o k2-1(k4-1 + k4-3) Quadratic

v k1!2k2!3

k2!1k3!4
4

SP½ �
½S� 4

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

k2-1(k4-1 + k4-3) o k4-1(k2-1 + k2-3) Quadratic

vi
SP½ �o

k2!3 k4!1 þ k4!3ð Þ k6!7 þ k6!8 þ k6!9ð Þ
k9!6 k6!8 k4!1 þ k4!3ð Þ � k4!3k6!7ð Þ

k4-3k6-7 o k6-8(k4-1 + k4-3) Quadratic

vi k1!2 k4!3k6!7 � k6!8 k4!1 þ k4!3ð Þð Þ
k4!1k3!4k6!7

o
SP½ �
½S� o

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

k6-8(k4-1 + k4-3) o k4-3k6-7 and (k2-1 + k2-3)(k4-3
k6-7 � k6-8(k4-1 + k4-3)) o k2-3k6-7(k4-1 + k4-3)

Quadratic

vi k1!2 k4!3k6!7 � k6!8 k4!1 þ k4!3ð Þð Þ
k4!1k3!4k6!7

4
SP½ �
½S� 4

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

k6-8(k4-1 + k4-3) o k4-3k6-7 and k2-3k6-7(k4-1 + k4-3)
o (k2-1 + k2-3)(k4-3k6-7 � k6-8(k4-1 + k4-3))

Quadratic

vii k1!2k4!3

k3!4k4!1
o

SP½ �
½S� o

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

k4-3(k2-1 + k2-3) o k2-3(k4-1 + k4-3) Quadratic

vii k1!2k4!3

k3!4k4!1
4

SP½ �
½S� 4

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

k2-3(k4-1 + k4-3) o k4-3(k2-1 + k2-3) Quadratic

viii
SP½ �o

k2!3 k6!8 þ k6!9ð Þ
k6!8k9!6

None Quadratic

ix ½S� ¼ k4!1 k6!5 þ k6!7ð Þ
k5!6k6!7

None Linear

x
SP½ � ¼

k2!3 k6!9 þ k6!8ð Þ
k9!6k6!8

None Linear

xi SP½ �
½S� ¼

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ

None Linear
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3.5 Absolute concentration robustness (networks ix and x)

The full network and the eight sub-networks in Fig. 4 all contain a
complete set of reactions involving the binary enzyme–substrate
complexes. We now consider the two networks in Fig. 5A, in which
only one binary enzyme–substrate complex is formed and,
accordingly, the ternary complex is formed in only one way.
These networks are symmetric under interchange of S and SP,
and it is only necessary to analyze one of them. The Gröbner
basis (or a simple ad-hoc calculation) indicates that network ix
has a linear invariant of the form

½S� ¼ k4!1 k6!5 þ k6!7ð Þ
k5!6k6!7

: (26)

Eqn (26) shows ACR in S, which can also be deduced using the
Shinar–Feinberg theorem.12 The deficiency of the network is
one, and a pair of non-terminal nodes (4 and 5) differ by only the
single species S. The network thus exhibits ACR in S.

We note that very small changes in reaction network struc-
ture can mean the difference between ACR and a robust upper
bound. For instance, the only difference between network ix
(which has ACR) and network iv (which has a robust upper
bound) is the absence of node 2.

3.6 Robust concentration ratio (network xi)

Up to this point, our focus has been on bifunctional enzymes
that have separate, non-interacting active sites that are far
enough apart to permit the simultaneous binding of two
substrate molecules. Many regulatory bifunctional enzymes,
however, have only a single active site for both activities or
have active sites that are too close together to permit simulta-
neous binding.22,31 Such enzymes are not able to form a ternary
complex when acting on a monomeric substrate and therefore
give rise to a full network that contains only four nodes (Fig. 5B).
As shown in the accompanying Mathematica notebook, the
following linear invariant in [S] and [SP] can be derived using a
Gröbner calculation:

k1-2k2-3(k4-1 + k4-3)[S]

� k3-4k4-1(k2-1 + k2-3)[SP] = 0. (27)

Rearrangement of eqn (27) yields

SP½ �
½S� ¼

k1!2k2!3 k4!1 þ k4!3ð Þ
k3!4k4!1 k2!1 þ k2!3ð Þ: (28)

Eqn (28) indicates that the relative amounts of modified and
unmodified substrate will stay the same in all positive steady
states. This ratio is a form of robustness that has not been
noted before and could indicate a previously unrecognized
advantage conferred by certain bifunctional enzyme systems.

3.7 Absence of ACR in networks other than ix and x

It is logically possible that a network might exhibit ACR in
addition to another form of robustness such as an upper bound
on concentration. We therefore checked that there is no possi-
bility of ACR in any of the networks in the compendium besides
ix and x. We find that, if a network has an invariant involving
both S and SP, then neither of these variables can exhibit ACR.
For instance, if S exhibits ACR, then substituting for the
absolute value of [S] in the invariant imposes a polynomial
constraint on [SP], which in turn can take only a finite number
of values. However, the total amount of substrate in the system
can be made arbitrarily large. Since the concentrations of
enzyme–substrate complexes are limited by the total amount
of enzyme, the only way for this to happen is if either [S] or [SP]
becomes arbitrarily large. This contradiction shows that S
cannot exhibit ACR. Accordingly, neither the full network nor
any of the networks in Fig. 4 exhibit ACR in either variable.

3.8 Experimental tests

To the best of our knowledge, there are no existing experimental
demonstrations of a robust substrate ratio in a bifunctional enzyme
system. As such, identification and characterization of bifunctional
enzyme systems satisfying the assumptions of network xi should be
of particular future interest. The two-component EnvZ/OmpR
osmoregulatory system in E. coli does meet the basic assumptions
of quadrant II (shared active site, monomeric substrate) but has
been shown experimentally to exhibit ACR.7 Imposition of
additional assumptions on network xi, including initial auto-
phosphorylation of EnvZ, can lead to networks with ACR.7,10

The framework developed here also offers the attractive
possibility of distinguishing bifunctional enzyme mechanisms
by measurements undertaken at steady state, without use of
advanced biochemical or structural techniques and without the
need for fitting parameter values to data. Here we outline a
candidate experimental strategy. Our suggested approach
involves measurement of [S] and [SP] following incubation
in vitro of a purified bifunctional enzyme with its substrate,
under conditions in which the system can reach a steady state,30 and
testing whether the appropriate invariant is satisfied. Quantification
of [S] and [SP] can be accomplished by western blotting with
antibodies specific for each substrate form or by mass spectrometry
with an exogenous heavy-isotope or internal peptide standard.32–34

Mass spectrometry has become a standard method for detection of
post-translational modifications and has been used to quantify
modification form distributions in several systems, including
CDK1/2 and ERK.32,35,36 Because the invariants found here do no

Fig. 5 Reaction networks leading to ACR and robust ratios. (A) Reaction
networks that exhibit ACR in S or SP. (B) Reaction network involving only
binary complexes that exhibits a robust ratio of the substrate forms. This
network is the ‘‘full network’’ for a bifunctional enzyme with a shared active
site acting on a monomeric substrate. Excluded reactions are shown in
light gray; the actual reactions in the sub-network are black. Nodes are
labeled as in Fig. 2.
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depend on the total amounts of enzyme or substrate, these can be
chosen arbitrarily over a wide range, without the need for high
precision in setting up the reaction conditions. This feature also
permits the substrate to be taken in sufficient excess over the enzyme
so that dissociation of the enzyme–substrate complexes, which is
difficult to prevent under normal experimental conditions, does not
introduce much error into the measurement of [S] and [SP]. An
advantage of bifunctional enzymes for such ‘‘systems biochemistry’’
is that it is not necessary to incubate two competing enzymes.
Although straightforward in principle, simultaneous incubation can
lead to technical complications in practice because of unexpected
interactions between the two enzymes in vitro.

The statistical issues that arise in testing invariants against
experimental data have been addressed by Harrington et al.,37

who built upon our previous work.30 Their technique involves
transformation of model variables so that the locus of points
satisfying the invariant lies on a hyperplane regardless of parameter
values. The transformed input data, which is obtained from the
measured [S] and [SP] values, can then be deemed consistent or
inconsistent with a given steady-state invariant depending on
distance from this hyperplane. Such parameter-independent model
assessment enables confirmation or rejection of robustness even in
systems for which measurements of rate constants have not
been made.

A natural first experiment would be to undertake such
measurements for a well-studied system that satisfies the
assumptions of the full model (network 0), such as the mammalian
6-phosphofructo-2-kinase/fructose-2,6-bisphosphatase involved in
glycolytic regulation, and confirm that eqn (11) is satisfied. It might
eventually be possible to make mechanistic predictions about
poorly characterized bifunctional enzyme systems by measuring
[S] and [SP] and determining which invariant in the compendium
holds. For instance, measurement of a robust ratio could suggest
that a regulatory enzyme has a shared active site even in the
absence of detailed structural data.

4 Discussion

Modification/demodification bifunctional enzymes are found
in diverse cellular networks. Many of these networks regulate
core transitions, such as flux partitioning at a metabolic branch
point, which require coherent regulation. As such, bifunctional
enzymes are used to maintain robust control of network output.
Our analysis has confirmed that bifunctionality confers robustness
to total enzyme levels regardless of mechanistic details. As
we have discussed previously,17,38 this robustness can have
important physiological consequences, including preventing
incoherent behavior in tissues due to cell-to-cell variations in
protein expression levels.39

We have also identified several further insights, including
that it is an oversimplification to think of biochemical concentration
robustness as a single concept. Rather, it appears that multiple types
of robust control can be implemented by biochemical reaction
networks involving bifunctional enzymes. We have identified
the mechanistic requirements for achieving five different types

of robustness. The invariant involving [S] and [SP] provides a
general means to determine the type of robustness that a
network exhibits. Furthermore, the type of robustness is highly
dependent on the biochemical mechanism. Adding or removing
just a single node from a reaction network can radically change
the type of robustness. Additionally, a single network may
exhibit different types of robustness depending on the numerical
values of its parameters, as in networks iii and vi. We now
consider several extensions and implications of the analysis,
including the possibility of engineering biochemical robustness,
treatment of non-Michaelis–Menten reaction mechanisms, and
the advantages of adopting an ‘‘invariant-centric’’ viewpoint in
theoretical biochemistry.

4.1 Engineered robustness

Section 3.8 outlines a minimal set of experiments to validate
the core predictions of the invariants. Once this validation has
been achieved, it might be possible to use our results to design
modified or synthetic networks that exhibit a particular type of
robustness. For instance, modification of the E. coli glyoxylate
bypass regulatory machinery could yield a novel system exhibit-
ing a robust substrate ratio. Reversible phosphorylation of IDH
by the bifunctional isocitrate dehydrogenase kinase/phosphate
(IDHKP) partitions flux between the glyoxylate bypass and the
full TCA cycle.6,16 E. coli IDHKP has a single active site for both
its kinase and phosphatase activities,22 and IDH forms an
obligate homodimer,40 which places it outside the scope of
the networks in our compendium. However, mutation of one of
the IDH phosphorylation sites, which potentially could be
achieved by constructing a tandem dimer of one wild-type
and one mutant subunit,41 would make it a functional mono-
mer. This modified system would be described by network xi
and therefore exhibit a robust ratio (i.e., constant [IDH]/[IDHP]),
whereas our previous steady-state analysis predicted different
robustness for the wild-type network.16 Biochemical analysis of
the mutant system would thus provide a stringent test of a key
prediction from the compendium.

4.2 Treatment of non-Michaelis–Menten reaction networks

We have assumed here that both forward and reverse modification
follow the Michaelis–Menten reaction scheme. This is the standard
assumption in the literature and is nearly universally followed. As we
have pointed out elsewhere,17,38,43 however, if the enzyme–substrate
complex can release product, on thermodynamic grounds the
product must be able to rebind the enzyme. Michaelis and Menten
could assume a simplified reaction scheme because they measured
reaction rates in the absence of product.42 In the context of
modification and demodification cycles, each enzyme may encoun-
ter substantial amounts of product with some attendant degree of
rebinding. A more realistic scheme is

E + S " ES - EP " E + P, (29)

which allows for product rebinding while still being irreversible
overall, as would be expected under many physiological condi-
tions for forward post-translational modification and reverse
demodification. In previous work, we have developed mathematical
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methods for analyzing systems with such physiologically-realistic
reaction schemes, allowing for multiple intermediates and branch-
ing pathways.17,38,43 For a bifunctional enzyme system, there is still
an invariant between [S] and [SP] even when modification and
demodification take place with arbitrarily complicated reactions
schemes. This invariant, however, can become very complicated,
with its degree increasing with the complexity of the reaction
mechanism. In particular, the invariant may no longer be cubic,
and analysis of its shape by the methods used for network 0
becomes more difficult. The analysis presented here, despite being
restricted to the classical Michaelis–Menten scheme, should be
considered an essential first step towards the technically more
challenging problem of dealing with more realistic biochemistry.
We stress, moreover, that analysis of reaction schemes beyond
Michaelis–Menten is still in its infancy, and the vast majority of
studies in the literature continue to assume Michaelis–Menten
kinetics.

4.3 Invariants in biochemical analysis

Our analysis of the reaction network compendium demonstrates
that invariants can be a helpful tool for studying biochemical
systems at steady state. For each of the twelve networks, the
invariant in [S] and [SP] reveals the kind of robustness that the
network exhibits. Cubic invariants are found for networks 0, i,
and ii, in which the ternary complex is formed by random-order
binding. Quadratic invariants are found for networks iii to viii, in
which the ternary complex is formed by ordered binding. Linear
invariants are found for networks ix and x, in which only one of
the binary complexes is formed, and for network xi, in which no
ternary complex is formed. Invariants involving both [S] and [SP]
rule out the possibility of ACR but allow for robust upper bounds
on concentration (networks 0, i, ii, iv and viii), robust two-sided
bounds on concentration ratio (networks v and vii), hybrid
behavior between these two types of robustness (networks iii
and vi), or a robust concentration ratio (network xi). ACR arises
only for the two networks in which the invariant involves just one
of the substrate forms (networks ix and x).

ACR has been widely discussed in the literature following
the pioneering insights of Shinar and Feinberg.4 We found that
asymmetry in the reactions involving the binary complexes is
required for ACR. In the two networks with ACR (ix and x in
Fig. 5A), the bifunctional enzyme forms a ternary complex but
can only form a binary complex with S or SP, not both. To the
best of our knowledge, no known biochemical networks exhibit
these characteristics. It is possible, however, that such a net-
work structure could be implemented if each active site on the
bifunctional enzyme had a massively different affinity for the
substrate depending on whether the other site was already
occupied. This scenario would be analogous to the avidity effect
observed for bifunctional enzymes acting on multimeric sub-
strates.13 It might also be possible to modulate relative affinity
artificially with a small molecule, suggesting the possibility that
drugs could be developed to promote or interfere with robust
control.

Despite the limited number of networks that give rise to
ACR, ACR is a useful conceptual framework for understanding

one common type of biological robustness. To that end,
demonstrations of approximate ACR (i.e., when the steady-state
concentration of a variable is only approximately, not exactly,
constant) have been made in several networks, including net-
work iv.11 To show approximate ACR, Shinar et al. assumed that
the substrate is present in large excess over the bifunctional
enzyme, ST c ET, and that total substrate is large compared to
certain aggregated parameters. (They proposed network iv as a
model of the IDH/IDHKP system, for which there is experimental
evidence that ST cET.44,45) In our context, approximate ACR can
be obtained by substituting

[SP] E ST � [S], (30)

which holds when enzyme–substrate complexes can be ignored
(ST cET), into eqn (19). It is then possible to show using a
Taylor expansion that [S] is approximately constant when ST is
sufficiently large. The invariants we derived can therefore be
used as starting points for investigating approximate ACR in
many specific systems.

In addition to providing a systematic mathematical language
for classifying the different types of robustness, invariants also
yield tighter bounds on the robustness than we were able to
obtain from ad hoc algebraic manipulation of the underlying
differential equations (Fig. 3). We were puzzled by this unex-
pected discrepancy. Our best explanation for it is that the
method of Gröbner bases distills all the algebraic information
that is present in the underlying equations and yields the
simplest possible algebraic relationship between [S] and [SP]. It
appears that ad hoc manipulation of the equations, while
intuitively reasonable in terms of our biochemical understand-
ing, may not take into account all the information in the system
as a whole. It is possible that some sequence of manipulations
not motivated by biochemical understanding might yield the
optimal bounds. We were unable to find any such sequence,
however, and the ability to pick out the variables of interest (in
this case [S] and [SP]) and to eliminate all others using Gröbner
bases provides a powerful capability for analyzing biological
systems at steady state.

The difficulty with using invariants is calculating them. The
method of Gröbner bases can always be used in principle, but
in practice it becomes computationally infeasible for networks
that are only slightly more complicated than the ones studied
here. This is particularly so when parameters are treated
symbolically, as we have done. In other work, we have devel-
oped efficient methods for generating a restricted class of
invariants.15 For modification and demodification systems,
such as the Goldbeter–Koshland loop, invariants can be calcu-
lated using the so-called linear framework,46 which allows
invariants to be written down irrespective of the complexity of
the enzyme reaction mechanisms.17,38 Software packages
designed specifically for computational algebraic geometry,
such as Singular and Macaulay2,47,48 have also enabled efficient
calculation of invariants for more complicated polynomial
systems. Development of new methods for calculating invar-
iants remains an important challenge. Efficient methods could
allow for steady-state algebraic analysis of entire metabolic or
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signaling networks, complementing existing probabilistic land-
scape approaches.21 An ‘‘invariant-centric’’ viewpoint should
enable a deeper investigation of robustness in biochemical
networks than has been possible previously.
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