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Excitation-contraction coupling in smooth muscle is mediated by the Ca’"- and
calmodulin-dependent regulation of myosin light chain kinase. The precise
mechanism of this regulation remains controversial, and several mathematical
models have been proposed for the interaction of the three species. These models
have previously been analyzed at steady state primarily by numerical simulation
of differential equations, for which parameter values must be estimated from
data. Here, we use the linear framework for timescale separation to demonstrate
that models of this general kind can be solved analytically for an equilibrium
steady state, without having to determine parameter values. This analysis leads
to parameter-independent methods for discriminating between the models, for
which we propose experiments that could be performed with existing methods.
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Smooth muscle is nonstriated, involuntary muscle that
surrounds hollow organs such as the stomach, intesti-
nes, bladder, and uterus. As with skeletal and cardiac
muscle, the contraction of smooth muscle is a Ca>™-
dependent process [1-3]. The specific mechanisms of
contractile regulation, however, are distinct in smooth
muscle, which does not contain troponin. In response
to various contractile agonists, Ca®" enters the cytosol
and binds to the multifunctional protein calmodulin
(CaM), which has four Ca®" binding sites, two on the
N-terminus and two on the C-terminus (Fig. 1A) [4].
Binding of Ca’"-CaM to myosin light chain kinase
(MLCK) induces a conformational change that dis-
places an autoinhibitory sequence from the MLCK
catalytic domain. Activated MLCK then phosphory-
lates a 20 kD light chain of myosin, which initiates
actin/myosin cross-bridge cycling and contraction.
Several theoretical models have been proposed for the
interaction of Ca®", CaM, and MLCK. Binding of
Ca’" at either end of CaM is highly cooperative [5-7],
and most models therefore assume two binding sites for
CaM, one N-terminal and one C-terminal, each of

Abbreviation
CaM, calmodulin; MLCK, myosin light chain kinase.
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which can bind two Ca®" ions in a single step. Without
further restrictions, these assumptions give rise to a tern-
ary model in which 2 x Ca®" and MLCK may bind to
CaM in any order (‘model 1,” Fig. 1B) [8,9]. Several sim-
plified models have also been suggested on the basis of
additional biochemical assumptions. Fajmut et al. [10]
proposed a six-state model in which Ca?" binding to the
C-terminus, but not the N-terminus, obligately precedes
binding of MLCK (‘model 2,” Fig. 1C), consistent with
the order-of-magnitude difference in affinity for Ca®™
between the two domains [6,11,12]. Finally, an ordered-
sequential mechanism, in which Ca>" must be bound at
both the C-terminus and N-terminus of CaM prior to
the binding of MLCK, has also been proposed (‘model
3, Fig. 1D) [13]. In addition, variants of these models
have been incorporated into much larger reaction
networks describing agonist-induced Ca** mobilization
and the physiology of airway smooth muscle [14-16].
There is experimental support for the assumptions of
both the full and the truncated models. Activation of
MLCK is known to require the binding of four Ca®>* to
CaM, which was the original justification for the
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Fig. 1. Proposed models of the Ca?*- and CaM-dependent activation of MLCK. (A) Crystal structure at 1.08 A resolution of an MLCK
peptide (gray) bound to CaM (orange). Two Ca®* (green dots) are bound at the N-terminus and two at the C-terminus. Drawn from data
reported by Valentine et al. [4]. (B) Equilibrium graph of the eight-state (full) model proposed by Brown et al. [8] and Fajmut et al. [9]. The
notation for equilibrium graphs is described in the text. (C) Equilibrium graph of the six-state model proposed by Fajmut et al. [10]. (D)
Equilibrium graph of the five-state (sequential) model proposed by Kato et al. [13]. The graphs in C and D are truncations of the graph in B;
the omitted edges and vertices are colored light gray. In all graphs CaM denotes free calmodulin, and M denotes free MLCK. The
subscripts N and C indicate that Ca®* is bound to CaM at the N-terminus and C-terminus, respectively, and the subscript M indicates that
MLCK is bound. Free [Ca?*] is denoted by x. Two Ca®* ions are assumed to bind CaM simultaneously, following the convention of earlier
models.
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ordered-sequential model [17,18]. There is mounting evi-
dence, however, that MLCK can bind apo CaM and
CaM in complex with two Ca®", which suggests that
the full model or the six-state model might provide a
more biochemically realistic description [8,19,20].

Previous analyses of the models have tended to rely
on numerical simulation of the systems of ordinary
differential equations that arise from the underlying
reactions under the assumption of mass-action kinet-
ics. Such simulations require that numerical values be
estimated for all parameters in the model. Further-
more, since the binding and unbinding is assumed to
take place within a system that is closed overall, with-
out external sources of matter or energy, the steady
state is one of thermodynamic equilibrium, so that
parameter values must be constrained to satisfy
detailed balance. Fajmut ez al. [9,10] used numerical
simulation to calculate the expected fraction of bound
to total MLCK at steady state for the full and six-
state models, with kinetic parameters drawn from
in vitro biochemical data in the literature. They found
that either model could reproduce an experimental
binding curve acquired using a FRET-based sensor
[9,10,21]. Kato et al. [13] did report a mathematical
binding analysis of the simplest (ordered-sequential)
model at steady state but did not consider any other
models for comparison.

We point out here that it is unnecessary to simulate
any of these models to determine their steady-state
behavior at thermodynamic equilibrium. Steady states
can be calculated analytically without advance knowl-
edge of the numerical values of any parameters. The
advantage of such a mathematical analysis, in contrast
to numerical simulation, is that it reveals precisely
how the steady state depends on the parameters of the
system and on the total amounts of the various com-
ponents. In turn, this information suggests parameter-
independent ways in which the different models can be
discriminated.

Methods

All conclusions are based on algebraic calculations. A copy
of a Mathematica notebook (Wolfram Research, Inc.,
Champagne, IL, USA, v. 9.0.1.0) containing the main cal-
culations is provided as Supporting Information. The vari-
ous coefficients that arise from algebraic analysis of the
models are listed below. Throughout this section, we
denote CaM,; + My as T; and CaM,,; — My as 7.

For model 1, p,=d, +dx*+dsx* and pr=dy +
dsx® + dex* + dix® + dgx®, with
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di =1+ KT}

dy = Ks(1 + KyT) + Kio(1 + K11 1)

dy = K7Kyo(1 + K> Th)

dy =1+ 2KyTy + K313

ds =2(Ke(1 + Ko Ty + Ko (T + KoT3)) + Ko (1 + Ko T
K (71 + KoT3))

ds = Kg(1 4+ 2K, Ty + K3T3) + 2KsKio (1 + K4 T,
+ K1 (T + KaT3)) + Kio(2K7 (1 + Ko Ty + Ko (T + K> T3))
+ Kio(1+ 2K T1 + K, T3))

dy = 2K7 K10 (Ko (1 + Ko Ty + Ko (Ty + KaT3)) + Ko (1 + Ko T
K (71 + KoT3))

ds = K2K3(1 + 2K, Ty + K3 T3).

For model 2, pP3 = dg + d10x2 + d11x4 and P = (l’]z +
d13X2 + d14x4 + d15x6 + dléxg, with

dy=1
dio = Ke(1 + K4T1) + Ky
dy = K7Kyo(1 + K> Ty)
dir=1
diz =2(Ke(14+ KsT1) + K9)
dis =Ko (1+2K4Ty + K3T3) +2K10 (Ko (1 + K4 T1)
+ K (1+ K1) + K3,
dis =2K7 K10 (Ko (1 + Ka Ty + Ko (T1 + Ko T3) ) + Kio(1 + K> T
dis = K3K, (1 +2K: Ty + K373).

For model 3, Ps = d17 + d18x2 + d19X4 and
Po = dag + dyx” + dpx* + dozx® + dryx®, with

diy =1
dig = Ks + Kio

dio = K7K1o(1 + K> TY)
dy =1

dr = 2(Ke + Kio)
dy = 2K10(Ks + K7(1 + K2 T1)) + K2 + K3,
dys = 2K7K10(1 + K2 T ) (Ks + Kio)
dy = K3K3 (1 + 2K, Ty + K3T3).
For model 1 with impaired N-terminal Ca®"
pP7 = d25 + d26x2 and pPs = d27 + d28x2 + d29x4, with

binding,

dhs =14+ KoT)
dre = Ko(1 + K4T)
dyy = 1+2Ko T\ + K313
dhy = 2Ko(1 + Ko Ty + Ky (T + Ko T3))
dro = Ko (1 +2K4T) + K3 T3).
For model 2 with impaired N-terminal Ca®" binding,
Po = dyo + dy1x” and pig = dsy + dy3x” + dyux*, with
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dy =1
ds :K(,(1+K4T1)
dyp =1

dy3 = 2Ke(1 + K4 T7)
da = Ko (1 +2K:Ty + K3 T3).

Results

Equilibrium binding analysis of three models of
CaZ*- and CaM-dependent activation of MLCK

Our mathematical analysis relies on the graph-based
linear framework for timescale separation developed in
[22,23], which should be consulted for more details;
for a review, see [24], and for other applications, see
[25-27]. Briefly, the framework can be applied to a
timescale separation, in which a subsystem is taken to
operate sufficiently fast with respect to its environment
that it can be assumed to have reached steady state.
The steady-state assumption is then used to eliminate
the components of the subsystem, in the sense of
expressing their steady-state concentrations in terms of
the parameters and the concentrations of components
in the environment that may be interacting with the
subsystem. Steady states may either be at thermody-
namic equilibrium within a closed system or away
from thermodynamic equilibrium in an open system
[26]. Here, the subsystem is taken to be the various
forms of CaM, the steady state is one of thermody-
namic equilibrium, and it is the steady-state concentra-
tions of these forms that are to be determined.

Biochemical reactions typically give rise to nonlinear
dynamics, as is the case for binding reactions. How-
ever, this nonlinear dynamics can sometimes be rewrit-
ten as a linear dynamics arising from a graph with
directed edges and labels on the edges [22]. Such a
graph for model 1 resembles that shown in Fig. 1B,
but its edges and labels have been simplified to reflect
thermodynamic equilibrium, as explained below. The
vertices of the graph represent the components of
the subsystem (the different forms of CaM), while the
edges represent the biochemical reactions that inter-
convert these components through interaction with
components in the environment outside the subsystem.
The nonlinearity is incorporated into the edge labels,
which may be complex expressions containing both
typical parameters, such as rate constants, as well as
the free concentrations of the interacting components
in the environment. Here, these interacting environ-
mental components are Ca>” and MLCK, whose free
concentrations are denoted in the graph by x and [M],
respectively.

J. P. Dexter et al.

The linear dynamics arising from the graph is com-
mon to all applications of the linear framework. In
contrast, the nonlinearity in the labels must be dealt
with in different ways depending on the specific appli-
cation. Here, a conservation law for the total amount
of MLCK, denoted M, is used to determine the free
concentration of MLCK, while it is assumed as an
approximation that the free concentration of Ca®"
does not change as a result of binding. In this case,
the free concentration of Ca®" is effectively the same
as its total concentration. This approximation is rea-
sonable if the number of free molecules is large com-
pared to the number bound, as is typical in an in vitro
binding assay, and has been used in all previous stud-
ies [9,10,13].

Since only the steady state is analyzed here, it is not
necessary to write down the linear dynamics that gov-
erns the approach to the steady state. Provided that
the linear framework graph is strongly connected, so
that any two vertices can be joined by a contiguous
path of directed edges, the steady state is unique up to
a scalar factor. Thermodynamic equilibrium implies
reversibility of the graph, so that, if there is an edge
between any two vertices, there is also a reverse edge
between the same vertices in the opposite direction
[22]. Accordingly, as long as the graph is not broken
into two separate parts, which is never the case here, it
must always be strongly connected. In particular, the
graphs shown in the figures are all strongly connected,
although this may not be immediately apparent
because, as explained below, only the edge in the direc-
tion of binding is shown. A specific steady state can be
calculated from the structure of the graph in terms of
the edge labels. The unknown scalar factor is removed
by normalizing to the total concentration of material
in the graph, which in the present case is the total
amount of CaM, denoted CaM,,,. The normalization
to CaM,, gives rise to the typical algebraic structure
for the steady state of each component of the subsys-
tem, as a rational expression in the edge labels.

A second conservation law describes how CaM,,, is
composed from the various forms of CaM represented
by the vertices of the graph. The interplay between the
conservation laws for M, and CaM, resolves the
remaining nonlinearities in the system, as we will see
below.

If the steady state is one of thermodynamic equilib-
rium, as it is for the models considered here, then the
steady state is equivalent to what is derived from equi-
librium statistical mechanics [22]. The linear frame-
work makes it unnecessary to have familiarity with
this branch of physics but, for those readers who do,
we note that the denominator in the rational
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expressions corresponds to the partition function. (One
of the advantages of the linear framework is that it
can also be applied away from thermodynamic equilib-
rium [27].) For binding and unbinding reactions at
thermodynamic equilibrium, the steady state depends
only on the association constants, given by the ratio of
the binding on-rate to the unbinding off-rate [26,27].
Accordingly, the linear framework graphs in this paper
have been simplified to show a single edge in the direc-
tion of binding, labeled with the ratio of the binding
label to the unbinding label.

In more detail, Fig. 1B shows the simplified linear
framework graph for the model of Fajmut et al. [9]
(model 1). CaM is assumed to have two sites for bind-
ing of 2 x Ca’>" and one site for binding of M, so
that there are 2° = 8 vertices in the graph. The associa-
tion constants for binding of Ca>" and M are denoted
K, -, Ky5. The graphs for models 2 and 3 are trunca-
tions of the graph for model 1, as shown in Fig. 1C,D
(omitted vertices and edges are colored light gray).
Throughout the following analysis, we use square
brackets to denote concentration at steady state.

The labeling we have used is particularly convenient
for calculating steady states, for which there is a sim-
ple rule at thermodynamic equilibrium. For instance,
taking the unbound form of CaM as the reference ver-
tex, the steady-state concentration of any vertex can
be calculated from [CaM] by choosing any contiguous
path of directed edges from CaM to that vertex and
multiplying the labels along the path. For instance,
taking the path from CaM to CaMy to CaMyc to
CaMuycewm, the steady-state concentration of the active
complex, CaMycwm, 1S given by

[CaMNCM} = (K2K7K10[M]x4) [CaM]

There are, of course, many paths from which to
choose. It is a consequence of thermodynamic equilib-
rium that all such paths give the same result, which
implies relationships among the equilibrium constants
that arise from detailed balance and the cycle condi-
tion [22]. For instance, taking instead the path from
CaM to CaMy to CaMcym to CaMpcem, we see that
detailed balance requires

K>)K7Kyg = K K5K9.

It is not necessary to impose these relationships for
the calculations made below, but they can always be
used to reorganize the resulting formulas using associ-
ation constants found on equivalent paths.

It is now straightforward to write down analytic
expressions for two quantities of potential experimental
interest, the ratio of the active complex (CaMyncm) to

Model discrimination for myosin light-chain kinase

Mo, which we call 4;, and the ratio of all bound MLCK
to My, which we call F;. These two quantities are the
focus of previous computational analyses [3,9,10]. For the
full model, we have the following two conservation laws:

CaM,, = [CaM] + [CaMpy] + [CaMN] + [CaM(|
+ [CaMNM} + [CaMCM] + [CaMNc] + [CaMNCM]
= [CaM](1 +4(x) + B(x)[M]),
(1)

and

Moi=[M]+[CaMy]+[CaMnm]+[CaMcm]+[CaMnem]
=[M](1+B(x)[CaM]),
(2)

where

A(x): (K6+K10)X2+K7K10x4
B(X):K9+(K4K6+K10K11)X2+K2K7K10X4.

For convenience, the combined expressions A(x) and
B(x) are used throughout the analysis of the different
models. Thus, after canceling [M], we have

[CaMNCM] o K2K7K10x4 [CaM]

A = = :
! Mot 1 + B(x)[CaM]

3)
and

F] _ Mbound _ B(x) [CaM]
Mw: 1+ B(x)[CaM]’

4)

Equations (3,4) are expressed in terms of [CaM],
which is difficult to measure or manipulate directly in
an experiment. We can, however, determine this quan-
tity using the conservation law for total CaM (Eqn 1).
Equations (1,2) are both independently of first order
in [CaM] and in [M] (since MLCK binds only once to
CaM), despite being highly nonlinear in x. It is there-
fore straightforward to solve these equations for
[CaM] and [M] in terms of x. We find that [CaM]
satisfies a quadratic equation,

[CaM]? + b, [CaM] 4 ¢, = 0, (5)
whose coefficients can be expressed in terms of x as

1+ A(x) + B(x)(Mior — CaM )
a (1+4(x))B(x)

CaMtot
(1 A() B

b
1 = —

A quadratic equation of the form shown in Eqn (5)
has a single positive real root, along with a single
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negative real root, if, and only if, its constant term is
negative. A(x) and B(x) are positive for all positive
values of the equilibrium constant and of x, so Eqn (5)
has one positive real root. (The negative real root is
not meaningful for the analysis.) Substituting the posi-
tive root into Eqn (3) gives, as a function of x,

2K, K7K1gCaM o x*
Ay (x) = 287 K10 alM o X (6)
1+ /D2
where
pr=d + d2X2 + d3x4
pr=ds+ d5.762 + d6x4 + d7)€6 + dgxg.
Here, d;, -+, dg are algebraic expressions in the equilib-

rium constants and the conserved totals. Throughout the

paper, the full expressions for coefficients of this kind are

listed in the Methods, with the details of their calculation

provided in a Supporting Mathematica notebook.
Similarly, we have

ZB(X)CaM[Ot
(A v/Z2

Equations (6,7) give A; and F; as functions of x, in
terms of the Ks and the conserved totals (CaM,, and
Mo0). The free concentrations of CaM and MLCK, which
are inaccessible to measurement, have been eliminated.

Models 2 and 3 can be analyzed in an identical fash-
ion, so that we have

Fi(x) = (7)

- 2K2K7K10Cathx4

D3+ /D4

Az(x)

and

~ 2CaM o (K4Kex? + K> K7K19x*)
B P3 + /P4 ’

Fy(x)

2K9C3Mtot

J. P. Dexter et al.

These algebraic expressions for A4(x), A>(x),
and A43(x) and for Fi(x), F>(x), and F3(x) can be used
to calculate the dependence of MLCK activation and
binding on x. Figure 2 shows plots of 4(x) and F(x)
for the three models, assuming the reference values for
Ki, -+, Ki» given in Fajmut et al. [9] and setting
Mo = CaM = 2 pm.

The curves in Fig. 2 are the primary predictions
reported in Fajmut et al. [9,10] from numerical
simulation of the underlying systems of ordinary
differential equations. As we have shown here,
numerical simulation is not required, and the func-
tional form of steady-state quantities like 4 and F
may be calculated with the K parameters and
the conserved totals treated symbolically. Parame-
ter values need only be estimated to plot the
expressions for 4 and F calculated above, as in
Fig. 2.

Parameter-independent criteria for model
discrimination

A main goal of our analysis is to identify a minimal
set of experimental tests that could distinguish
between the three proposed models of MLCK activa-
tion, without recourse to numerical fitting of parame-
ter values. For reasons of experimental convenience
that will be discussed in greater detail below, our
analysis here focuses on the predicted F ratios (i.e.,
fraction of MLCK bound). We propose a two-step
approach that could first differentiate model 1 from
models 2 and 3 and then differentiate model 3 from
models 1 and 2.

We note that there is a constant term (i.e., a term
that is not dependent on x) in the numerator of F;
but not of F, and Fj. Setting x =0 in the relevant
expressions, we find that

Fi(0) =

where p; and p4 have the same algebraic form as p,
and p,, respectively. For model 3, there is only a single
complex with MLCK bound (CaMycnm) and therefore
no distinction between A4 and F. We have

2K2 K7 K] OCame“

Ps +/Pe

where ps and pg again have the same algebraic form as
p1 and p,, respectively.

A3(x) = F3(.X) =

I+ Ko(Muot + CaMuog) + 1/ 1+ 2Ks(CaMuoq + Miog) + K3(CaMigr — M)’

; (3)

which is evidently positive, while
F,(0) = F53(0) = 0.

This difference is illustrated in Fig. 2B, where
models 2 and 3, but not model 1, shows vanishingly
low levels of bound MLCK at x <10 nm. (The
approximation we have made of treating x as equal
to the total concentration of Ca’>" may break down
at such low levels, but the discrepancy works in our
favor here because x must always be less than the
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A A =[CaM,, /M,
1.0
08¢ —— Model 1

—— Model 3
04r
0.2

0.01 0.1 1 10 0.01 0.1 1 10
X (M) X (Um)
Fig. 2. Binding curves for the three models. K, -+, Kj» were set to the reference values given in Fajmut et al. [9], and My, and CaM,

were both set to 2 pm. (A) Fraction of active MLCK (CaMycwm) as a function of x for the three models in Fig. 1. (B) Fraction of bound MLCK

as a function of x for the three models in Fig. 1.

total concentration). Assuming the parameter values
and initial conditions used in previous numerical
simulations [9], we calculate that, according to
model 1, ~ 12% of MLCK would be bound to CaM
in 1 nm Ca®", compared to less than 0.01% accord-
ing to models 2 or 3. It is also clear from Eqn (8)
that, for positive values of CaM;,, My, and Ko,
F1(0) is an increasing function of CaM,, so that its
value can be increased by raising the level of total
CaM. For their simulations, Fajmut ez al. [9] set
M =CaM o = 2 uM, but, with M, =2 um and
CaM, = 20 pm, ~ 59% of MLCK would be bound
at x = 1 nm according to model 1. Thus, an experi-
mental test of model 1 could involve measurement
of MLCK binding in a Ca®"-free buffer, with CaM
available in large excess over MLCK.

Furthermore, Eqn (8) shows that F;(0) depends on
the single equilibrium constant (Ky), which Fajmut
et al. [9] set to 0.078 um~' after consideration of
several experimental measurements [§8,14,28]. The
experimental values reported, however, vary over sev-
eral orders of magnitude, from 0.0037 to 1 pm .
For any value of Ky within this range, it is still
possible to discriminate model 1 from models 2 and
3 by measuring MLCK binding in low Ca’*;
for instance, with Ko = 0.0037 uM’l, Mot = 2 um,
CaM, =20 pm, and x =10 nMm, we calculate
from model 1 that ~7% of MLCK would be
bound, compared to negligible levels according to
models 2 and 3. Of course, the fraction bound could
be increased by having total CaM in even larger
excess.

If model 1 were falsified by the above test, it
would then be necessary to distinguish between mod-
els 2 and 3, which is challenging to do on the basis
of the binding of wild-type CaM to MLCK. For a
CaM mutant with impaired Ca®' binding at the
N-terminus, however, we can give a parameter-
independent criterion to differentiate between the
corresponding models 2 and 3. Figure 3 shows three
additional graphs, corresponding to models 1, 2, and
3, respectively, for a mutant that is unable to bind
Ca’" at its N-terminus. The fraction of bound
MLCK for model 1 of the mutant, denoted with a
superscript asterisk, is given by

2CaM (Kg + K4K6X2)

P71+ /D8
where p; is a polynomial in x of degree two and pg
a polynomial in x of degree four, whose coefficients

are combinations of the equilibrium constants, M,
and CaM,,. Similarly, we have

Fi(x)

% 2K4K6C3M[0[x2
F(x) = ————F——
P9+ /P1o
where py and pjo have the same algebraic structure
as p; and pg, respectively. For model 3, however,

there are no longer any reactions involving MLCK
binding, so self-evidently

F5(x) = 0. (9)

For models 1 and 2, MLCK binding is maximized
in the high Ca®>* limit, for which we have
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lim F} = lim F;

X—00 X—00

J. P. Dexter et al.

2K,CaM o (10)

1+ K4(CaMtot + Mtot) + \/1 + 2K4(C3Mtot + Mtot) + Ki(caMtot - Mtot)2

As such, we calculate, assuming the reference
parameter values, that ~ 84% of MLCK would be
bound in 1 mm Ca®*, which could be increased to
99% by increasing CaM, to 20 pm. In the reference
parameter set, K4 = 16.7 um~ ' on the basis of a single
experimental measurement [8], and Kg = 0.47 um 2,
which is on the low end of a range of empirical values
considered by Fajmut ef al. [9]. Even with both
parameters decreased by three orders of magnitude,
models 1 and 2 still predict 25% binding, assuming
Mot = 2 um, CaMy = 20 pMm, and x = 1 mMm. Accord-
ingly, the second discrimination test could involve
measurement of MLCK binding in a high concentra-
tion of Ca?", with mutant CaM in excess over
MLCK.

F— [CaMM] B

[CaMM]

P M)+ [CaMy]

and the following two conservation laws:
CaM,, = [CaM] + [CaM v] (11)
and

Mo = [M] + [CaMy]. (12)

Equations (11,12) together define a quadratic equa-
tion in [CaM], which, as before, can be used to eliminate
[CaM] from the expression for F. Following the same
procedure as for analysis of the full model, we find,

ZKCaMtot

Mtot

Limiting behavior of the models in low and high
caZ+

In the previous section, we derived expressions for
the fraction of MLCK bound in zero Ca’" (for
model 1) and in the high Ca’?" limit (for models 1
and 2 with an N-terminal mutant). Equations (8,10)
have identical algebraic structure, with the sole differ-
ence being the equilibrium constant that appears in
the expression. This similarity is not coincidental. In
both limits, the reaction network effectively reduces
to a bimolecular reaction. In the first (zero Ca’™)
case, this reaction involves MLCK and apo CaM, so
we have following two-vertex truncation of the graph
in Fig. 1:

Ko[M]
CaM = CaMy.

For the second (high Ca’") case, we have the fol-
lowing truncation of the graph in Fig. 3:

K4[M]
CaM = CaMM.

In both instances, there is only a single complex
involving MLCK (CaMy,), so we have

1+ K(CaMtot + Mlot) + \/1 + 2K(CaM[0t + th) + Kz(caMtol - Mtot)2

)

where K = Ky in the first case and K = K, in the sec-
ond. This calculation explains why the limiting formu-
las in Eqns (8,10) have the same algebraic structure.

Discussion

The main predictions of our mathematical analysis are
in principle testable using existing experimental tech-
nology. Several FRET-based biosensors have been
developed for monitoring the binding of Ca?*-CaM to
MLCK. These sensors typically consist of two variants
of green fluorescent protein tethered by the MLCK
binding sequence from CaM, so that binding of Ca®*-
CaM disrupts interaction between the fluorescent pro-
tein pair and reduces FRET [21,29,30]. Such sensors
have enabled the characterization of MLCK localiza-
tion and binding in a number of cell culture systems,
as well as in vivo using a transgenic biosensor mouse
[30-32]. Of particular interest, Geguchadze et al. [21]
showed that sensor fluorescence tracked phosphoryla-
tion of the myosin regulatory light chain in HEK-
293T cells, suggesting that their sensor might be useful
for quantitative profiling of MLCK activation.
Following the analysis presented in the previous sec-
tion, failure to detect binding of CaM to MLCK in the
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Fig. 3. Comparison of the three models for CaM mutant with impaired Ca?* binding at the N-terminus. (A) Equilibrium graph of the eight-
state (fulll model proposed by Fajmut et al. [9] for mutant. (B) Equilibrium graph of the six-state model proposed by Fajmut et al. [10] for
mutant. (C) Equilibrium graph of the five-state (sequential) model proposed by Kato et al. [13] for mutant. The notation follows Fig. 1. (D)
Fraction of bound MLCK as a function of x for the three models for mutant CaM. Note that, in view of Egn (9), the curve for model 3 is
coincident with the horizontal axis. The parameter values are the same as for Fig. 2.

absence of Ca’>" would be sufficient to falsify model 1.
Such an experiment could be performed using any of
the previously developed biosensors, ideally in vitro with
purified sensor and CaM (so as to maintain as precise
control as possible over the Ca®" concentration in the

FEBS Letters 592 (2018) 2811-2821 © 2018 Federation of European Biochemical Societies

buffer). As detailed above, assuming the reference
parameter values in Fajmut ef al. [9], we calculate
according to model 1 that ~ 12% of MLCK would be
bound to CaM in 1 nm Ca®>" (compared to less than
0.01% for models 2 or 3), a difference which is readily
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detectable using existing sensors [9,21]. There is already
limited experimental evidence against model 1; in lysates
of cells stably expressing their biosensor, Geguchadze
et al. [21] observed no binding at x = 2.5 nM.

Discriminating between models 2 and 3 would
require binding measurements with a mutant CaM
that exhibits impaired Ca®" binding at the N-termi-
nus. The structural and functional properties of CaM
have been studied extensively by site-directed mutagen-
esis, and there are standard strategies for disabling
CaM EF hands without major disruption to the rest
of the protein [33,34]. For an appropriate mutant
(such as D20A and D56A for human CaM), measure-
ment of non-negligible binding at any reasonably high
x would be sufficient to falsify model 3, completing
the two-step model discrimination strategy.

Our analysis thus demonstrates that the three models,
notwithstanding their numerous similarities, give rise to
distinct, experimentally testable predictions about the
systems’s steady-state behavior. In contrast to previous
computational studies of MLCK activation, these pre-
dictions are based entirely on algebraic calculations that
treat the equilibrium constants symbolically. Inspection
of the analytic formulas resulting from these calcula-
tions enabled us to identify predictions that are true
regardless of the precise numerical values of the parame-
ters, which could not be achieved from numerical simu-
lation alone. In addition to clarifying the relationship
between proposed models of CaM/MLCK interaction,
variants of our approach should be useful for discrimi-
nating between unordered and ordered binding models
in diverse physiological contexts.
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